I derive the generating functional for n-point Green's function of the effective fermion (quark) fields in domain-wall fermions, and clarify the issues pertainent to finite N s and the lattice spacing a 5 in the fifth dimension. These issues can be examined by computing the index, the axial anomaly, and the fermion determinant of the effective lattice Dirac operator, in 2D abelian background gauge fields. For the optimal domain-wall fermion, the fermion determinant, the index and the axial anomaly of the effective lattice Dirac operator are in good agreement with the exact solutions in the continuum. However, for the conventional domain-wall fermion, the effective lattice Dirac operator cannot reproduce the correct fermion determinant while its index and axial anomaly agree with the topological charge and density of the background gauge field. This demonstrates that even though an effective lattice Dirac operator (N s → ∞) satisfies the Ginsparg-Wilson relation, γ 5 -hermiticity, doubler-free, exponential-locality, and correct continuum (free fermion) behavior, it does not necessarily reproduce the (complex conjugate pairs) spectrum correctly for topologically nontrivial gauge backgrounds, due to its dependence on a 5 .
Introduction
The basic idea of domain-wall fermions (DWF) [1, 2] is to use an infinite set of coupled Dirac fermion fields [ ψ s (x), s ∈ (−∞, ∞) ] with masses behaving like a step function m(s) = mθ(s) such that Weyl fermion states can arise as zeromodes bound to the mass defect at s = 0. However, if one uses a compact set of masses, then the boundary conditions of the mass (step) function must lead to the occurrence of both left-handed and right-handed chiral fermion fields, i.e., a vector-like theory. For lattice QCD with DWF [3] , in practice, one can only use a finite number (N s ) of lattice Dirac fermion fields to set up the domain wall, thus the chiral symmetry of the quark fields (in the massless limit) is broken. Therefore, a relevant question is how to construct a domainwall fermion action such that the effective 4D lattice Dirac operator has the optimal chiral symmetry for any finite N s . However, the chiral symmetry is not the only issue of lattice QCD with domain-wall fermions. Another crucial question is whether the effective 4D lattice Dirac operator depends on the lattice spacing a 5 in the fifth dimension. If it does, then the limit (a 5 → 0) has to be taken before one can extract physical observables at any finite lattice spacing a, which of course, is a difficult task for any practical computations. It turns out that the usual DWF action with open boundary conditions [4] has both of these deficiencies: (i) The chiral symmetry of the effective lattice Dirac operator is not optimal for any finite N s ; (ii) The fermion determinant and the propagator of the effective lattice Dirac operator depend on the lattice spacing a 5 , even in the limit N s → ∞.
Recently, a lattice domain-wall fermion action has been constructed [5] such that the effective 4D lattice Dirac operator preserves the chiral symmetry optimally for any finite N s , and is invariant for any a 5 . Further, it has been asserted that the effective 4D lattice Dirac operator for the internal fermion loops is exponentially-local for sufficiently smooth gauge backgrounds [6] .
Explicitly, the action of optimal lattice domain-wall fermions reads 1
with boundary conditions P + ψ(x, 0) = −rm q P + ψ(x, N s ) , r = 1 2m 0 (2) P − ψ(x, N s + 1) = −rm q P − ψ(x, 1) ,
where m q is the bare quark mass, D w is the standard 4D Wilson-Dirac operator plus a negative parameter,
and the weights ω s a 5 = 1 λ min 1 − κ ′2 sn 2 (v s ; κ ′ ), s = 1, · · · , N s .
Here sn(v s ; κ ′ ) is the Jacobian elliptic function with argument v s (12) and modulus κ ′ = 1 − λ 2 min /λ 2 max , where λ max and λ min are the maximum and the minimum of the eigenvalues of |H w |,
The weights in (7) are obtained from the roots (u s = (ω s a 5 ) −2 , s = 1, · · · , N s ) of the equation such that the operator S opt (22) in the effective 4D lattice Dirac operator is the optimal rational approximation of the sign function H w (H 2 w ) −1/2 ,
where R Z (H 2 w ) is the Zolotarev optimal rational polynomial [7, 8] for the inverse square root of H , (11) and the coefficients d 0 , d ′ 0 , c l and c ′ l are expressed in terms of elliptic functions [8] with arguments depending only on N s and λ 2 max /λ 2 min . The argument v s in (7) is v s = (−1) s−1 M sn −1 1 + 3λ (1 + λ) 3 ;
where λ = Ns l=1
K ′ is the complete elliptic integral of the first kind with modulus κ ′ , and Θ is the elliptic theta function. From (7), it is clear that
Obviously, the optimal domain-wall fermion action (1) is invariant for any a 5 , since its dependence on a 5 only through the product ω s a 5 (7) which only depends on N s and λ 2 max /λ 2 min . Therefore, a 5 is an redundant parameter in the optimal domain-wall fermion action (1) . Now the effective 4D lattice Dirac operator of the optimal domain-wall fermion action (1) can be extracted from its fermion determinant
where D(m q ) is the 5-dimensional optimal DWF operator defined in (1) . The Grassman integral on the r.h.s. of (15) can be evaluated by transforming {ψ s ,ψ s } to {η s ,η s } according to
and then integrating {η s ,η s } successively from s = N s to s = 1. The result (will be derived in Section 2) is
where
Even though D c is chirally symmetric in the limit N s → ∞, one still cannot identify (D c + m q ) as the effective 4D lattice Dirac operator for the internal quark fields, since D c is nonlocal and det(D c + m q ) does not reproduce det[γ µ (∂ µ + iA µ ) + m q ] in the continuum limit (a → 0). (It is understood that the fermion determinant is normalized by its free fermion limit.) Also, one cannot neglect the factor K which can be written as the determinant of a 4D lattice fermion operator.
The resolution is to introduce a set of pseudofermions (Pauli-Villars) fields {φ,φ} similar to the domain-wall fermions but obeying Bose statistics. Explicitly, the action of the pseudofermion fields reads
where m q = 2m 0 has been imposed. Then, we have
Thus the effective 4D lattice Dirac operator for the internal quark fields (dressed with pseudofermions) can be identified as
The exponential locality of D(m q ) (25) (for any m q and N s ) has been asserted for sufficiently smooth gauge background [6] .
In the limit N s → ∞, S opt becomes the sign function of H w
which is equivalent to the chiral symmetry
of the valence quark propagator (D c + m q ) −1 . Therefore one can use this chirally symmetric (but nonlocal) D c to construct an exponentially-local lattice Dirac operator [9] 
which satisfies the Ginsparg-Wilson relation [10]
and its massive generalization [11] 
which is exactly in the same form of the effective 4D lattice Dirac operator (25) for any N s . Obviously, the optimal domain-wall fermion action (m q = 0) in the limit N s → ∞ realizes the exact chiral symmetry (27) as well as the Ginsparg-Wilson relation (29). Further, for any finite N s , the action (1) preserves the chiral symmetry optimally since the deviation of S opt from the sign function is the minimum and has a theoretical upper bound [12] ,
where λ is defined in (13), a function of N s and b = λ 2 max /λ 2 min . Thus, for any given gauge configuration, one can use the theoretical error bound to determine what values of N s and b (i.e., how many low-lying eigenmodes of H 2 w should be projected out) are required to attain one's desired accuracy in preserving the exact chiral symmetry. In practice, with N s = 32, one should have no difficulties to achieve ∆ Z < 10 −12 for any gauge configurations on a finite lattice (say, 16 3 × 32 at β = 6.0). The theoretical error bound can be estimated as
Note that r = 1/(2m 0 ) times D (28) (N s → ∞) is exactly equal to the overlap Dirac operator [13, 14] ,
This implies that D is topologically-proper (i.e., with the correct index and axial anomaly), similar to the case of overlap Dirac operator. For any finite N s , r times D(m q = 0) (25) is exactly equal to the overlap Dirac operator with (H 2 w ) −1/2 approximated by Zolotarev optimal rational polynomial, (10) (N s = odd), or (11) (N s = even).
In this paper, we derive the generating functional for n-point Green's function of the quark fields, for the optimal DWF and the conventional DWF respectively. This provides the framework to address the issues of chiral symmetry at finite N s as well as the subtle effects due to the lattice spacing a 5 in the fifth dimension. These issues can also be examined by computing the index, the axial anomaly, and the fermion determinant of the effective lattice Dirac operator, in 2D abelian background gauge fields. For the optimal DWF, the fermion determinant, the index and the axial anomaly of the effective lattice Dirac operator are in good agreement with the exact solutions in the continuum. However, for the conventional DWF, the effective lattice Dirac operator cannot reproduce the correct fermion determinant while its index and axial anomaly agree with the topological charge and density of the background gauge field. This demonstrates that even though an effective lattice Dirac operator (N s → ∞) satisfies the Ginsparg-Wilson relation, γ 5 -hermiticity, doubler-free, exponential-locality, and correct continuum (free fermion) behavior, it does not necessarily reproduce the (complex conjugate pairs) spectrum correctly for topologically nontrivial gauge backgrounds, due to its dependence on the lattice spacing a 5 .
The outline of this paper is as follows. In Section 2, we derive the generating functional for n-point Green's function of quark fields in domain-wall fermions, and discuss the issues pertainent to finite N s and a 5 . In Section 3, we examine these issues by computing the index, the axial anomaly, and the fermion determinant of the effective lattice Dirac operator in 2D abelian background gauge fields. In Section 4, we summarize and conclude with a discussion on the difference between the realization of exact chiral symmetry via the optimal DWF and the Ginsparg-Wilson lattice Dirac operator. In the Appendix, we derive a formula for computing the propagator of the effective 4D lattice Dirac operator (25) of the optimal DWF (1). 
where A g is the gauge field action, A f is the domain-wall fermion action, A pf is the corresponding pseudofermion action, andJ and J are the Grassman sources of q andq respectively. We first derive Z[J,J] = e W [J,J] for the optimal DWF action, then show that it is invariant for any a 5 , and it preserves the chiral symmetry optimally for any finite N s . Then we derive Z[J,J ] for the usual DWF action, and discuss its problems due to finite N s and a 5 .
Optimal domain-wall fermions
First, I generalize the optimal domain fermion action (1) by appending two boundary layers at s = 0 and s = N s + 1,
with boundary conditions
where the weights at the boundaries are zero, i.e. ω 0 = ω Ns+1 = 0, and other weights are given by (7) as before.
It will be shown that the fermion determinant of the new action (37) is exactly equal to that (19) of the original action (1). Thus the effective 4D lattice Dirac operator is exactly equal to (25), after the pseudofermion action (with m q = 2m 0 ) is incorporated. The purpose of introducing two extra layers at s = 0 and s = N s + 1 is for the derivation of Z[J,J], and its role will become clear later.
The quark fields coupling to physical hadrons can be constructed from the left and right boundary modes
Now we derive the generating functional Z[J,J] for the optimal DWF (37), according to the formula (36).
Using γ 5 P ± = ±P ± , P + + P − = 1, and H w = γ 5 D w , we can rewrite (37) as
where all indices are suppressed except the flavor index in the fifth dimension. Next we define
and the inverse transform
Then the action (40) can be expressed in terms of {η,η} fields
Thus the fermionic integral in the numerator of (36) can be written as
and j is the Jacobian of the transformation,
where ω 0 = ω Ns+1 = 0 has been used. Now using the Grassman integral formula 
then integrating (η Ns ,η Ns ), the remaining integral becomes
Subsequent integrations over (η Ns−2 ,η Ns−2 ) up to (η 1 ,η 1 ) are similar to the above integration, and the result is
Finally, integrating (η 0 ,η 0 ) gives
where the simple identity
has been used, and K, S opt and rD c are defined in (20) , (22) and (21) respectively. Note that any two transfer matrices commute with each other (T s T s ′ = T s ′ T s ), thus D c is invariant under swapping of any two weights in {ω 1 , · · · , ω Ns }. Now settingJ = J = 0 in (52), we obtain the fermion determinant of the optimal DWF action (37)
where D ′ (m q ) is the 5-dimensional lattice DWF operator defined in (37), while rD c is the 4-dimensional lattice Dirac operator defined in (21) , which becomes chirally symmetric in the limit N s → ∞, the salient feature of domain-wall fermions. Obviously, if one repeats above steps to derive the fermion determinant of the original optimal DWF action (1), then the result is exactly equal to (54). The vital observation is that the transfer matrix T s at s = 0 and s = N s + 1 is equal to the identity (since ω 0 = ω Ns+1 = 0), thus Explicitly, the transformation (44)-(46) is replaced by (16)-(18) and the action (1) can be expressed as
Thus the fermion determinant
can be evaluated by integrating {η s ,η s } successively from s = N s to s = 1, and the result is given in (19) .
As discussed in the Introduction, one cannot identify (D c + m q ) as the effective 4D lattice Dirac operator for the internal quark fields, since D c is nonlocal in the limit N s → ∞, and det(D c +m q ) does not reproduce det[γ µ (∂ µ + iA µ ) + m q ] in the continuum limit (a → 0). The resolution is to introduce a set of pseudofermion fields {φ,φ} similar to the domain-wall fermions but obeying Bose statistics. Explicitly, the action of the pseudofermion fields (with m q = 2m 0 ) corresponding to the optimal DWF action (37) is
where ω 0 = ω Ns+1 = 0, and other weights are given by (7) as before. Thus integrations over the pseudofermion fields give
Substituting (52) and (56) into (36), we obtain
This is one of the main results of this paper. Now it is clear that the most crucial quantity in (57) is D c which becomes chirally symmetric in the limit N s → ∞. At any finite N s , D c (21) preserves the chiral symmetry optimally since S opt (9) is the optimal rational polynomial of the sign function. Moreover, ω s a 5 (7) is independent of a 5 , since it only depends on N s and λ 2 max /λ 2 min . It follows that T s , S opt , and D c are all independent of a 5 . Therefore the generating functional Z[J,J] for the optimal domain-wall fermion action (37) preserves the chiral symmetry optimally for any finite N s , and it is a 5 -invariant.
From (57), it is clear that the effective 4D lattice Dirac operator for the internal quark fields (dressed with pseudofermions) is
which is exactly equal to that (25) of the original action (1) . Note that (25) was derived without introducing the quark fields. Now any connected n-point Green's function can be obtained by differentiating W [J,J] with respect to J andJ successively. In particular, the quark propagator is
which, in a background gauge field, becomes
and it goes to the Dirac propagator [γ µ (∂ µ + iA µ ) + m q ] −1 in the continum limit.
In practice, the valence quark propagator (D c + m q ) −1 in a background gauge field can be computed via the 5-dimensional optimal DWF operator D ′ (37). Using (60) and the definition of quark fields (38)-(39), one immediately obtains
For practical computations, it is convenient to introduce two invertible operators B and C such that B(x, 0; y, s) = δ x,y (P − δ s,0 + P + δ s,Ns+1 ) , C(x, s; y, 0) = δ x,y (P + δ s,0 + P − δ s,Ns+1 ) , and (61) can be written as
The simplest realizations of B and C are
together with their inverses
where periodic boundary conditions in the fifth dimension have been imposed in (63)-(66). Then the valence quark propagator (62) can be obtained by solving the linear system
or equivalently
and its solution Z leads to
Alternatively, one can also obtain the valence quark propagator
by computing D −1 (m q ) via the original optimal DWF operator (1), i.e., solving the linear system
and its solution Y leads to
where the 5-th dimensional indices (s, s ′ ) of B run from 1 to N s . The derivation of (71) is given in the Appendix.
Conventional domain-wall fermions
Shamir's domain-wall fermion action [4] can be written as
where D w is defined in (4), and m q is the bare mass of the quark fields which are constructed from the left and right boundary modes
The fermion determinant and the quark propagator (in a gauge background) have been derived in Refs. [15] - [17] . Now we derive the generating functional for n-point Green's function of the quarks fields, according to the formula (36). The derivation is similar to that of the optimal DWF action in the last subsection.
Using γ 5 P ± = ±P ± , P + P − = 0, P + + P − = 1, and H w = γ 5 D w , we can rewrite (73) as
Then the action (78) can be expressed in terms of {η,η} fields
At this point, it is instructive to compare the transfer matrix T (86) with its counterpart T s (23) in the optimal DWF. As it will become clear later, one of the major difficulties in the conventional DWF is due to the fact that the denominator of H (87) is (2 + a 5 D w ) rather than a constant. Now the fermionic integral in the numerator of (36) can be written as
and τ is the Jacobian of the transformation,
Again using the Grassman integral formula (51), one can easily evaluate the Grassman integrals in (88), by integrating (η s ,η s ) successively from s = N s to s = 1, similar to the steps in the last subsection. The final result is
Again, since D (s) c is nonlocal in the limit N s → ∞, one has to introduce pseudofermion fields (obeying Bose statistics) with action similar to (73) (m q = 2m 0 ) such that the effective 4D lattice Dirac operator for the internal fermion loops is exponentially-local for smooth gauge backgrounds, and it goes to [γ µ (∂ µ + iA µ ) + m q ] in the continuum limit a, a 5 → 0. Then integrating the pseudofermion fields gives
Substituting (90) and (94) into (36), we obtain
which is exactly the same as (57) except replacing D c with D (s) c [i.e., replacing S opt (22) by S (93)]. However, such a difference has significant consequences, as we will demonstrate in the next section.
In the limit N s → ∞, S (93) becomes the sign function of H,
thus D (s) c (92) is chirally symmetric. However, it still depends on a 5 through H (87). In other words, the lattice spacing a 5 in the conventional DWF is a relevant parameter which must be taken to zero before its effective 4D lattice Dirac operator
can behave properly (i.e., with correct eigenvalues and eigenfunctions). However, taking the limit a 5 → 0 seems to be rather nontrivial in practice. Therefore, it is vital to construct a domain-wall fermion action such that its generating functional Z[J,J ] (thus any n-point Green's function) is independent of a 5 for any lattice spacing a.
This objective can be partially fullfilled if H (87) is replaced by H w = γ 5 D w . Then, in the limit N s → ∞, S(H w ) (93) becomes independent of a 5 ,
However, at finite N s , S(H w ) still depends on a 5 . Aiming at modifying the action (73) such that H is replaced by H w in the tranfer matrix T , one immediately observes that if all factors (a 5 H w P ± ± 1) in the action (78) are replaced by (a 5 H w ± 1), then T becomes
This amounts to adding the following terms to the DWF action (78),
which can be simplified to
+ψ Ns γ 5 a 5 H w P + ψ Ns−1 − rm qψNs γ 5 a 5 H w P − ψ 1 (98)
Then adding (98) to (78), one obtains
which agrees with Borici's domain-wall action [18] . The generating functional is same as (95) except for replacing S(H) (93) with S(H w ). Obviously, for any finite N s , the generating functional depends on a 5 . Also, it does not preserve chiral symmetry optimally, since the S operator (93) is not the optimal rational approximation of the sign function, as shown in Ref. [5] .
Tests
In this section, we compute the index, the axial anomaly and the fermion determinant of the effective lattice Dirac operators of the optimal DWF (37) 2 , and the conventional DWF (73) respectively, in two-dimensional background U(1) gauge fields. Our notations for the two-dimensional background gauge field are the same as those in Ref. [20] (Eqs. (7)- (11) in Ref. [20] ). The effective lattice Dirac operator of the optimal DWF can be computed from the 5-dimensional DWF operator (37). Setting m q = 2m 0 (rm q = 1) in (61), one has
Then the massless lattice Dirac operator can be obtained by a subtraction
and the massive one by
Similarly, we can obtain the effective lattice Dirac operator of the Shamir domain-wall action (73), with the boundary modes at s = 1 and N s .
In the following tests, we fix m 0 = 1 (r = 1/2) in D w (4), and m q = 0 (except for the fermion determinants in Table 2 with m q = 0.05). With N s in the range 10 ≤ N s ≤ 32, we first check that the eigenvalues of the effective lattice Dirac operators fall on a circle of radius one (1/2r = 1) centered at one. For nontrivial gauge backgrounds, the real eigenmodes (zero and two) have definite (+1 or −1) chirality and satisfy the chirality sum rule [20] 
where n ± is the number of zero modes with ±1 chirality, and N ± is the number of +2 real eigenmodes with ±1 chirality. These real eigenmodes are topological, i.e., robust under local fluctuations of the gauge fields. For any (trivial or nontrivial) gauge background, the complex eigenmodes must come in conjugate pairs, each with zero chirality. The Atiyah-Singer index theorem (n + −n − = Q) holds for any gauge configuration (with topological charge Q) satisfying the topological bound [22] ∀ x |ρ(x)| < 0.28 (103) whereρ(x) is the topological charge (density) inside a unit square (of area a 2 ) centered at x,ρ (x) = 1 a 2
x 1 +a/2
x 1 −a/2 dy 1
Thus, we conclude that the effective lattice Dirac operators of the optimal DWF and the conventional DWF are topologically-proper for sufficiently large N s .
Axial anomaly
Since the effective lattice Dirac operator D of domain-wall fermions (N s → ∞) satisfies the Ginsparg-Wilson relation (29), its axial anomaly (for any N s ) can be defined as [19] A
where the trace runs over Dirac and color indices. Here the operator S becomes S opt (22) for the optimal DWF, and S (93) for the conventional DWF. For sufficiently large N s and for gauge configurations satisfying the topological bound (103), I checked that the sum of the axial anomaly over all sites is equal to the index of D and the topological charge Q
for both the optimal DWF and the conventional DWF. However, this does not necessarily imply that A L (x) is equal to the topological charge density at each site. In the following, I compute the axial anomaly A L (x) for the overlap Dirac operator, the optimal DWF, and the conventional DWF respectively, and compare them with the topological charge densityρ(x) (104) of the gauge background on the torus. The deviation of the axial anomaly can be measured in terms of
where N is the total number of sites of the 2D lattice, andρ(x) is the topological charge density inside a unit square (of area a 2 ) centered at x. In a nontrivial U(1) gauge background with parameters Q = 1, h 1 = 0.1,
2 = 0.4 and n 1 = n 2 = 1 (as defined in Eqs. (7) and (8) in Ref. [20] ) on the 8 × 8 lattice, the axial anomaly A L (x) and its deviation δ are computed for the overlap, the optimal DWF and the conventional DWF respectively. Here the 2D overlap Dirac operator is computed exactly via diagonalization.
The results are : 
The slightly larger deviation of the axial anomaly of the conventional DWF indicates that its effective lattice Dirac operator is less localized than that of the optimal DWF.
For all background gauge configurations we have tested, the optimal DWF always gives anomaly deviation (δ) smaller than that of the conventional DWF.
Fermion determinant
In quantum field theory, the fermion determinant det(D) is proportional to the exponentiation of the one-loop effective action which is the summation of any number of external sources interacting with one internal fermion loop. Thus it is one of the most crucial quantities to be examined in any lattice fermion formulations. Even though a (massless) lattice Dirac operator is topologicallyproper (i.e., with the correct index and axial anomaly), it does not necessarily imply that its non-zero complex eigenvalues are valid. This can be tested by computing its fermion determinant
where det ′ (D) is equal to the product of all non-zero eigenvalues. For the effective 4D lattice Dirac operators of the domain-wall fermion actions (37), and (73), D is γ 5 -hermitian. Thus the eigenvalues of D are either real or come in complex conjugate pairs, and det ′ (D) must be real and positive. For Q = 0, then n + + n − = 0 and det(D) = det ′ (D). For Q = 0, then n + + n − = 0 and det(D) = 0, but det ′ (D) still provides important information about the spectrum. In continuum, exact solution of fermion determinant in the general background U(1) gauge fields on a torus (L 1 × L 2 ) was obtained in Ref. [21] In the following, I compute det ′ (D) with nontrivial gauge backgrounds, for the overlap Dirac operator, the optimal DWF, and the conventional DWF respectively, and compare them with the exact solution in continuum. For simplicity, we turn off the harmonic part (h 1 = h 2 = 0) and the local sinusoidal fluctuations (A 
where the normalization constant N is fixed by
In Table 1 , the fermion determinants det ′ (D) on the 8 × 8 lattice are listed. It is clear that the fermion determinant of the optimal DWF (N s = 10) highly agrees with that of the (exact) overlap Dirac operator, and both of them are in good agreement with the exact solution. On the other hand, the fermion determinant of the conventional DWF (N s = 10, a 5 = 1) does not agree with the exact solution. Further, the discrepancies do not decrease even for larger N s . This suggests that the error is not due to finite N s , but the lattice spacing a 5 which enters the effective lattice Dirac operator through the Hermitian operator H (87). If this is the case, then decreasing a 5 would improve the results. This is demonstrated in the last column with a 5 = 0.5 and N s = 20, which gives much better results than those of N s = 32, a 5 = 1. It also suggests a strategy for the practitioners of conventional DWF: to tune a 5 (less than one) rather than setting it constant (a 5 = a = 1).
In Table 2 , the fermion determinants for massive fermion with m q = 0.05 are listed, for the same nontrivial gauge backgrounds in Table 1 . The massive overlap Dirac operator is [m q + (1 − rm q )D o ], and the effective lattice Dirac operators of the optimal and the conventional DWF are computed via (101). In each case (column), the normalization constant is fixed such that det[D(m q )] = 1 for Q = 0. Clearly, the fermion determinant of the optimal DWF (N s = 10) is in excellent agreement with that of the (exact) overlap, while the conventional DWF disagrees with the overlap and the optimal DWF. Further, the discrepancies do not decrease even for larger N s . However, a notable improvement occurs if a 5 is reduced from 1 to 0.5, as shown in the last column. Again, this demonstrates that the error in the case of conventional DWF is essentially due to its dependence on a 5 .
Conclusions and Discussions
To formulate domain-wall fermions on the lattice, it is inevitable to introduce additional parameters N s and a 5 (in the fifth dimension) to the theory. Presumably, only in the limit N s → ∞ and a 5 → 0, one can recover the correct theory with exact chiral symmetry. The relevant question is whether one can minimize its dependence on these two extra parameters. More importantly, if the dependence on a 5 cannot be removed, then one could not obtain the correct theory, even with exact chiral symmetry in the limit N s → ∞. It turns out that the optimal DWF eliminates a 5 completely, i.e. a 5 is a redundant parameter. On the other hand, for the Shamir domain-wall action, its dependence on a 5 cannot be decoupled for any N s ; while for the Borici domain-wall exact overlap optimal DWF conventional DWF Q N s = 10 N s = 10 N s = 32 N s = 20 a 5 = 1 a 5 = 1 a 5 = 0.5 1 1.00000 1.00000 1.00000 1.535 × 10 −7 1.535 × 10 −7 6.830 × 10 −7 8 1.633 × 10 −7 1.633 × 10 −7 5.621 × 10 −9 5.794 × 10 −9 3.407 × 10 −8 9 9.235 × 10 −9 9.235 × 10 −9 2.405 × 10 −10 2.103 × 10 −10 2.156 × 10 −9 Table 2 : The fermion determinant det(D) versus the topological charge Q for effective lattice Dirac operator with bare mass m q = 0.05 on the 8 × 8 lattice. The normalization constant is chosen such that detD(m q ) = 1 for Q = 0. The results are listed for the overlap, the optimal DWF (N s = 10) and the conventional DWF (N s = 10, 32; a 5 = 1) and (N s = 20, a 5 = 0.5) respectively. action, its dependence on a 5 vanishes only in the limit N s → ∞, but persists for any finite N s .
The problem of minimizing the dependence on N s is equivalent to optimizing the chiral symmetry of D c = r −1 (1 + γ 5 S)(1 − γ 5 S) −1 for any N s , which is exactly the problem how to construct a domain-wall fermion action such that the S operator is equal to the optimal rational approximation of the sign function. The remarkable feature of the optimal domain-wall fermions is that its weights (7) not only give S opt (the optimal rational approximation of the sign function), but also eliminate a 5 completely.
The salient feature of the new optimal DWF action (37) is its two additional layers at s = 0 and s = N s +1 with ω 0 = ω Ns+1 = 0. Such a difference from the original optimal DWF action (1) makes it possible to construct the quark fields (38)-(39) from the boundary modes, without changing the effective 4D lattice Dirac operator (D c + m q )(1 + rD c ) −1 . The vital observation is that T s = 1 if ω s = 0. This brings the generating functional of n-point Green's function of the quark fields to the same form for any domain-wall fermion actions,
where the argument of D c depends on the action. I suspect that these boundary layers with identity transfer matrix may have applications in formulating other theories with domain-wall fermions, not just for vector gauge theories like QCD. From the tests in Section 3, it is clear that the conventional DWF action has serious defects due to its dependence on a 5 , which does not diminish even in the limit N s → ∞. It distorts the complex eigenvalues of the effective lattice Dirac operator, and thus affects the (quenched and unquenched) fermion propagator as well as the fermion determinant. If one computes the quark propagators (in a background gluon field) of the overlap Dirac operator, the optimal DWF, and the conventional DWF respectively, one immediately discovers that the quark propagator of the optimal DWF is exactly equal to that of the overlap Dirac operator (with (H 2 w ) −1/2 approximated by Zolotarev optimal rational polynomial), but is quite different from that of the conventional DWF, even for very large N s . I suspect that the discrepancy is essentially due to the a 5 effects in the quark propagator of the conventional DWF. This raises the question whether the large scale computational results so far produced with the conventional DWF are also afflicted by a 5 . A strategy for the practitioners of the conventional DWF is to tune a 5 (less than one) rather than setting it constant (a 5 = a = 1).
It is interesting to discover that even if a lattice Dirac operator can capture the topology of the gauge background (i.e, reproducing topological zero and nonzero real eigenmodes with definite chirality, satisfying the Atiyah-Singer index theorem on a finite lattice, and the axial anomaly in agreement with the topological charge density), but fails to reproduce the correct fermion determinant (ratio) and fermion propagator for topologically nontrivial background gauge fields. Such an example is realized by the effective lattice Dirac operator of the conventional DWF (N s → ∞). It satisfies the Ginsparg-Wilson relation, γ 5 -hermiticity, doubler-free, exponential-locality, and correct continuum (free fermion) behavior, but fails to reproduce the correct complex eigenvalues for topologically nontrivial gauge backgrounds, due to its dependence on a 5 .
Finally, I would like to compare the optimal DWF to the overlap Dirac operator with Zolotarev approximation, from practical and theoretical viewpoints. Although the effective 4D lattice Dirac operator of the optimal DWF is exactly equal to the overlap Dirac operator with (H 2 w ) −1/2 approximated by Zolotarev rational polynomial, the salient feature of the optimal DWF is that the (pseudo)fermion fields are defined on a five dimensional lattice, interacting through an ultra-local operator (similar to the 5D Wilson-Dirac operator), in contrast to the overlap Dirac quarks coupled by an exponenentially-local operator. Therefore, for lattice QCD with dynamical quarks, the optimal DWF can be implemented in the same way as dynamical Wilson quarks, which seems to be more accessible than dynamical overlap Dirac quarks. However, for lattice QCD in quenched approximation, the efficiencies of these two approaches seem to depend on the computational platform. For a linux PC cluster with large memory at each node such that each node can compute one column of quark propagator by itself, then the overlap Dirac operator with Zolotarev approximation seems to be the better choice. However, for a parallel computer with only a small amount of distributed memory at each node but with fast communication hardware between the nodes, then the optimal DWF action seems to be the better option.
Theoretically, the optimal DWF has an appealing feature which is not shared with the overlap Dirac operator. It should be emphasized that the pseudofermions in the optimal DWF always remain in the internal fermion loops and do not interact with any physical hadrons. They can be regarded as a "dress" of the internal fermions, coupled through the gluon interactions. The absence of pseudofermions in the valence quark (propagator) not only complies with the spin-statistics theorem which holds exactly in all high energy experiments, but also ensures the chiral symmetry of the valence quark (propagator) (D c + m q ) −1 in the massless (m q → 0) limit. Note that the definition of quark fields (38)-(39) is unique in the optimal DWF. On the other hand, if one formulates lattice QCD with a Ginsparg-Wilson lattice Dirac operator, one cannot have a consistent definition for both sea and valence quark fields. Explicitly, if one writes the quark action as But this cannot be the valance quark propagator since it breaks the chiral symmetry even in the massless (m q = 0) limit. Thus the valence quark propagator has to be extracted as
Now the relevant question is what the valence quark fields are. Naively, it seems to have two possibilities :
x,y q(y) = (1 − rD) x,y q(y) .
Obviously, in both cases, the valence quark fields are inconsistent with the sea quark fields, thus both are unsatisfactory. If one tries to introduce the pseudo-quark fields {φ,φ} and writes the action as 
then the action is nonlocal, since D c is nonlocal (if it is doubler-free, and has correct continuum (free fermion) behavior). Therefore (112) does not provide a satisfactory resolution, even though its fermion determinant is equal to that of (111). In general, it seems to be impossible to formulate lattice QCD with a Ginsparg-Wilson lattice Dirac operator such that both sea and valence quark fields have a consistent definition. On the other hand, if one formulates lattice QCD on the 5-dimensional lattice with optimal domain-wall fermions (37) and pseudofermions (55), then one has the unique definition of quark fields (38)-(39). This is one of the appealing features of optimal domain-wall fermions, besides its a 5 -invariance and optimal chiral symmetry for any N s . 
where (50), (19) and (53) have been used. Therefore, we have
and D −1 (m q ) can be obtained by solving the linear system
The solution of (125) gives
and the valence quark propagator (70).
